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Problem Definition 

• In fully stratified particle transport, the resistance to flow 
consists of the friction of the fluid above the bed plus the 
friction resistance of the bed on the pipewall. 

• In the commonly used Wilson model, the bed friction is 
calculated assuming a hydrostatic normal stress 
distribution between the bed and the pipe wall. 

• Problem: For high concentrations, is the very large 
resistance implied by the Wilson approach correct? 

• Here we analyze two alternative approaches and 
suggest which we feel is correct. 
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Problem: For high concentrations, is the very large resistance implied by the wilson approach correct?



Regimes Overview 

Presenter
Presentation Notes
Often 5 flow regimes are distinguished. In our paper of last year we discussed that especially at low flow rates, you have combinations of these regimes.



Volume Concentrations 

Cvt = �̇�𝑠
�̇�𝑚 

: Transport (delivered) 
volume concentration. 

Cvs = 𝑄𝑠

𝑄𝑚 
: Spatial volume 

concentration. Generally 
fixed in a lab environment. 

Cv = 
𝜌𝑚−𝜌𝑓𝑓
𝜌𝑠−𝜌𝑓𝑓  

: Volume concentration from density readings 
 

Presenter
Presentation Notes
But first, the Cvs and Cvt are distinguished. Note that a radioactive density meter will read Cvs, depending on it’s orientation, or Cvs can be directly calculated for a closed-loop system. A U-loop will read Cvt. In the literature it is not always clear which concentration is used, making data difficult to interpret.Cvs = Abed*Cvbed/Apipe, volume basedCvt=VbedAbed*Cvbed/VlsApipe is volume-flow based



The Excess Hydraulic Gradient 
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The definition of the excess hydraulic gradient which is the difference between the mixture hydraulic gradient and the liquid hydraulic gradient.



Regimes Overview im-vls 
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Review the various flow regimes, emphasize that here we are discussing stratified flow, and focusing on the behavior of the bed.Constant spatial concentration:Fixed bed without sheet flowFixed bed with sheet flowSliding bed startSliding bed endHeterogeneous flowHomogeneous flow8. Sliding bed with constant delivered concentration



Regimes Overview Erhg-il 
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The Erhg vs. il curve gives a better scientific representation, curves become straight: Erhg=(im-il)/(Rsd·Cvs), so it’s the excess hydraulic gradient divided by the relative submerged density and the spatial or delivered volumetric concentration.The sliding bed line intersects the axis at the sliding friction coefficient.We will present experimental data using these axes.



The Geometry 

Type equation here. 

𝐶𝑣𝑠 =
𝐶𝑣𝑣𝑣𝑣𝐴𝑣𝑣𝑣
𝐴𝑝𝑝𝑝𝑣
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Discuss the geometry:Fluid above, bed below. Note that ‘fluid’ in this case may consist of water and relatively small particles in suspension in the water.The perimeter of the pipe above the bed, where the losses are due to shear stresses between the fluid and pipewallThe perimeter below the pipe where the losses are due to the shear stresses between the bed and pipewallThe surface of the bed, where there are shear stresses between the fluid and the bed. These are not strictly losses, as they serve to help move the bed.The respective areas of the fluid and bedBeta is the angle of the top of the bed from vertical. Beta of 90 deg is a half-full pipe, Beta of 180 degrees is completely full.Note that the Cvs, situ concentration in the pipe is the bed concentration times the bed area divided by the pipe area.



The Transport of Fluid and Material 

vr 

vbed 

𝑣𝑟 ∙ 𝐴𝑟 

𝑣𝑣𝑣𝑣 ∙ 𝐴𝑣𝑣𝑣 

𝑇𝑇𝑇𝑇𝑇 𝐹𝑇𝑇𝐹 = 𝑣𝑟 ∙ 𝐴𝑟+ 𝑣𝑣𝑣𝑣 ∙ 𝐴𝑣𝑣𝑣 

𝑣𝑓𝑠 =
𝑣𝑟 ∙ 𝐴𝑟+ 𝑣𝑣𝑣𝑣 ∙ 𝐴𝑣𝑣𝑣

𝐴𝑟+ 𝐴𝑣𝑣𝑣
=
𝑣𝑟 ∙ 𝐴𝑟+ 𝑣𝑣𝑣𝑣 ∙ 𝐴𝑣𝑣𝑣

𝐴𝑝𝑝𝑝𝑣
 

𝐶𝑣𝑣 =
𝐶𝑣𝑣𝑣𝑣𝑉𝑣𝑣𝑣𝐴𝑣𝑣𝑣

𝑉𝑓𝑠𝐴𝑝𝑝𝑝𝑣
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The continuity equation must always be valid. The fluid above the bed moves much faster than the bed. The total flow equals the fluid flow plus the bed flow, while the overall velocity is equal to the sum of the fluid and bed flow divided by the pipe cross-section. Cvt, the transport or delivered concentration, is the flow of the bed times the bed concentration, divided by the total flow. Of course as a dredger this is the concentration I am interested in. However, as we will see, calculating the transport cancentration is an iterative process.



The Forces Above the Bed 

∆𝑝 ∙ 𝐴1 = 𝐹1,𝑓𝑓 + 𝐹12,𝑓𝑓 
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Presentation Notes
Whether the bed is moving or not, the forces on the pipe wall and the bed are counteracted by the pressure times the cross section of the area above the bed.



The Forces on the Bed 

∆𝑝 ∙ 𝐴2 + 𝐹12,𝑓𝑓 = 𝐹2,𝑓𝑟 + 𝐹2,𝑓𝑓 

Presenter
Presentation Notes
When the bed starts sliding, the driving forces are the friction force on top of the bed and the pressure force acting on the bed cross section.Solving the force equilibrium equations for a stationary bed, results in the LSDV curve.Solving the force equilibrium equations for a sliding bed, results in the bed velocity and thus the delivered concentration. However, this is iterative as F12,fl is a function of both bed and fluid velocity.



3 Approaches to F2,fr 
 
1. The Wilson Hydrostatic Approach 
2. The Weight Approach 
3. The Normal Stress Carrying The 
Weight Approach 

𝑖𝑚 − 𝑖𝑓𝑓 =
𝜇𝑓𝑟 ∙ 𝐹?

𝐴𝑝 ∙ 𝜌𝑓𝑓∙ 𝑔 ∙ ∆𝐿
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The sliding friction force depends on the normal stress between the bed and the pipe wall, integrated over the contact area. The question is how to model this normal stress.Here 3 different possibilities are discussed.



Wilson Approach 

Wilson et al assume a hydrostatic normal force 
distribution on the pipe wall. 

? 

𝐹𝑛 = 𝜌𝑓𝑓 ∙ 𝑔 ∙ 𝐿 ∙ 𝑅𝑠𝑣 ∙ 𝐶𝑣𝑣 ∙
𝐷𝑝2

2
∙ 𝛽 − 𝑠𝑖𝑠𝛽 ∙ 𝑐𝑇𝑠𝛽  
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… as if the bed were a fluid. But this raises the question, is there really a component of force in the upward direction? 



Submerged Weight Approach 

( ) ( )( )
2
p

w fl sd vb
D

F g L R C sin cos
4

= ρ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ β − β ⋅ β
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Presentation Notes
An alternative is to assume that force is simply the weight of the bed times the friction coefficient, which neglects the horizontal component entirely. 



Wilson and Submerged Weight Approaches 
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Presentation Notes
Here the force from the Wilson model is contrasted with that from the submerged weight model. The force is essentially the same for a small bed. The Wilson model gives a force 1.27 times greater when the bed is ½ the pipe, and rises to 2* when the pipe is full and plug flow occurs.At low concentration (below say 1.3 s.g. or beta=60 deg) there is not much difference. Indeed the difference is less than the variance in the sliding friction coefficient.



The Normal Force Carrying the Weight 

For β>π/2: 

( ) ( )( ) ( ) ( )( )2
n fl sd vb fl sd vb p

sin cos
F 2 R g C R sin cos 2 R g C A

β −β ⋅ β
= ⋅ρ ⋅ ⋅ ⋅ ⋅ ⋅ β − β ⋅ β = ⋅ρ ⋅ ⋅ ⋅ ⋅ ⋅

π
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Presentation Notes
Here there is a normal stress on the pipe wall below the pipe centerline, the vertical component of which carries the weight of the bed. For a bed below the pipe centerline, this is the same as the Wilson model. When the bed extends above the pipe centerline there is no normal stress and mass of the bed above the pipewall contributes to the normal stresses vertically below.



Active/Passive failure approach 

vr 

vbed 

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

3 2

2
n fl sd vb

3

K 1 K 1 K 1sin sin cos sin cos
3 2 2

F 2 R g C R
2 2K 1 2 K 1 sin 2 sin
3 3

− + − ⋅ β + β − ⋅ π − β ⋅ β − ⋅ β ⋅ β 
 

= ⋅ρ ⋅ ⋅ ⋅ ⋅ ⋅  
 
 + ⋅ − + − ⋅ − ⋅ β − ⋅ β
 

For β>π/2: 
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If the pipewalls were to disappear, the sand would collapse into a pile – THINK ABOUT THIS ILLUSTRATIONIntuitively, therefore, there must be some horizontal component of force holding the bed up.Following soil mechanics, we assume that the horizontal stress (σh) equals some factor K times the vertical stress (σv) From soil mechanics we know that 1/3 (active failure) ≤ K ≤ 3 (Passive failure)In the case of sliding friction, K=1 (the neutral case); the derivation is in the paper, basically it is due to the fact that there is no motion or friction in the cross-section of the pipe, therefore no friction forces. All of the bed movement is mobilized in the axial direction.



Active/Passive Failure Approach 
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Presentation Notes
Here the active/passive failure approach is contrasted to the Wilson and submerged weight models. For K=0.33 (active failure), the approach is equivalent to the weight approach. For K=3 (passive), the approach is implies higher forces than the Wilson model until plug flow, when they are the same. For K=1 the approach rises to 1.27* the weight approach, then is nearly constant. At beta<90 the equations are the same. In contrast to the literature, we have explicity  derived the equations for beta>90 deg.



Comparing the 3 approaches – Fixed/Sliding 
Bed Transition 
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Presentation Notes
The 3 approaches are compared with the original bed shear stress approach Televantos (1979) and with the latest equation which will be published by Miedema & Ramsdell at the Hydrotransport conference in September, giving 6 curves.It is clear that up to a 50% concentration the hydrostatic approach and the normal stress (pressure) approach give the same resulting curves. The weight approach always gives smaller values for the LSDV. The new bed shear stress equation gives smaller LSDV values than the original equation.
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Wiedenroth 1967, Dp=300mm, d=2.2 mm. An average sliding friction factor of 0.25. No increasing Erhg (here Epg) value with increasing concentration. Probably the low sliding friction factor (vertical axis) because of a graded sand, reducing the sliding friction factor.
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Boothroyde, 1979 Dp=200mm, d=Bakelite 10 mm. Sliding friction factor between 0.4 and 0.5. No increasing apparent sliding friction with increasing concentration.
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Boothroyde 1979 
Dp=200mm d=4.3mm bakelite 
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Boothroyde 1979 Dp=200mm, d = 4.3 mm Bakelite. Sliding friction coefficient between 0.4 and 0.5. No increasing sliding friction with increasing concentration. 



Validation 

0.10

1.00

0.010 0.100

re
la

tiv
e 

Sl
ip

 sq
ua

re
d 

S r
s

(-)

Hydraulic gradient (-)

Excess pressure gradient Epg (relative Slip squared Srs)

Homogeneous

Heterogeneous

Fixed Bed Cvs=c.

Sliding Bed Cvs=c.

Sliding Bed Cvt=c.

Sliding/Fixed Bed Cvt=c.

Transition Fixed vs
Heterogeneous Cvs=c.

Transition Fixed vs Sliding
Cvs=c.

Cv=0.220

Cv=0.130

© S.A.M.

Gillies 1993 
Dp=0.263m d=2.4mm 

Presenter
Presentation Notes
Gillies 1993 Dp=0.263 m, sand d=2.4 mm. Sliding friction about 0.34. No increasing apparent sliding friction with increasing concentration.
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1993 Gillies. Dp=.0508m (2 inch), d=2.4 mm. Sliding friction 0.35. No increasing apparent sliding friction with increasing concentration.



Sheet Flow 

vr 

vbed 

𝑣𝑟 ∙ 𝐴𝑟 

𝑣𝑣𝑣𝑣 ∙ 𝐴𝑣𝑣𝑣 

𝑇𝑇𝑇𝑇𝑇 𝐹𝑇𝑇𝐹 = 𝑣𝑟 ∙ 𝐴𝑟+ 𝑣𝑠𝑠𝑣𝑣𝑣 ∙ 𝐴𝑠𝑠𝑣𝑣𝑣+ 𝑣𝑣𝑣𝑣 ∙ 𝐴𝑣𝑣𝑣 

𝑣𝑓𝑠 =
𝑣𝑟 ∙ 𝐴𝑟+𝑣𝑠𝑠𝑣𝑣𝑣 ∙ 𝐴𝑠𝑠𝑣𝑣𝑣 +𝑣𝑣𝑣𝑣∙ 𝐴𝑣𝑣𝑣

𝐴𝑟+𝐴𝑠𝑠𝑣𝑣𝑣 + 𝐴𝑣𝑣𝑣
 

𝑣𝑠𝑠𝑣𝑣𝑣 ∙ 𝐴𝑠𝑠𝑣𝑣𝑣 
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In addition, if the velocity above the bed is high enough, there will be a flow of fast-moving particles above the bed, known as sheet flow. This flow contributes no horizontal stress, but the weight is still carried by the bed. As this sheet flow layer grows, the submerged weight methods is more valid.In the paper at the hydrotransport conference in September, we will talk more about sheet flow and present a 3-layer model. 



Stability Considerations 

The Wilson and Normal Force approaches are equivalent 
up to ½ of the full pipe 

 

Operation with a larger bed is generally to be avoided as it 
is very unstable and may lead to pipeline plugs 
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This may be multiple slides illustrating these points.



Conclusions – Regimes and Results 
• 3 models for the friction between the bed and pipewall 

are presented. 
• The Wilson and submerged weight approaches can be 

thought of as maximum and minimum conditions, with 
one assuming horizontal stress around the entire 
perimeter, and the other neglecting horizontal stress 
altogether. 

• However, the experiments do not show a dependency of 
the apparent sliding friction coefficient with the 
volumetric concentration. 

• Using a sliding friction factor between 0.35 and 0.45 
seems realistic matching the experiments. 

www.dhlldv.com 
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Questions? 
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